Let (M, g λ ) be a C 2 -family of convex-cocompact metrics with pinched negative curvature. We show that the topological entropy h top (g λ ) of the geodesic ow is C 1 and give an explicit formula for its derivative. This extends to convex-cocompact manifolds previous work by A. Katok, G. Knieper and B. Weiss. We show that this applies to analytic paths of hyperbolic structures on a given convex-cocompact hyperbolic 3-manifold.
Introduction
In [KKPW89] , Katok et al. have shown that during a C k+1 variation of the metric on a compact manifold with negative curvature, the entropy variation is C k . Their proof relies deeply on the use of the structural stability of Anosov ows. In [AR97] , it was shown that on convex-cocompact hyperbolic 3-manifolds whose limit set admits a nite state Markov partition, if the hyperbolic structure varies analytically, then the entropy variation is also analytic.
The existence of a nite-state Markov partition is not known for the limit set general convexcocompact manifolds, and structural stability is hard to handle in this context. In [KKW91] , Katok, Knieper and Weiss. have shown that for a C 2 variation of the metric of a compact manifold with negative curvature, the entropy is C 1 and they obtain an explicit variation formula for the entropy. We work on the non-wandering set of the geodesic ow of a convex-cocompact mainfold, which is a basic hyperbolic set in the sense of [Bow74] . With arguments closely related to Katok et al. proof for the compact case, we show without using structural stability that for a C 2 variation of the metric of any convex-cocompact manifold with negative pinched curvature, the entropy is C 1 . We obtain then an explicit variation formula similar to the one proved in [KKW91] : this article should be mainly thought as an extension of their work to the convex-cocompact case. We eventually apply this result to show that along an analytic path of hyperbolic convex-cocompact structures on a 3-manifold, the entropy is at least C 1 , using barycenter extensions of quasi-conformal mappings on the sphere at innity.
This work was started during the PhD of the author and nished due to the support of the Hausdor Center, Bonn. I am grateful to G. Carron for pointing out important mistakes in my rst proof of the variation formula.
1
Survey on the entropy of convex-cocompact manifolds Let (M, g) be a riemannian n-manifold with negative pinched curvature : there exist constants κ 1 > κ 2 > 0 such that the sectional curvature Sec g of M satises −κ 1 < Sec g < −κ 2 < 0.
By the Cartan-Hadamard Theorem, its universal cover M is dieomorphic to the unit open ball of R n . The visual boundary at innity of M , which we will denote by ∂ ∞ M , is homeomorphic to the unit sphere S n−1 . Any isometry acting on M extends continuously to ∂ ∞ M , and the action on the visual boundary is conformal for Gromov metrics (see [Yue96] for more details). Let Γ be the fundamental group of M acting on M by isometries. We denote by Λ Γ its limit set, which is the smallest close set in ∂ ∞ M invariant by Γ. It is also the intersection of the closure of the orbit by Γ of any point of M with ∂ ∞ M . We assume Λ Γ contains at least 3 points: it is therefore innite, see [Ebe72] p499. We write CH(Λ Γ ) its convex hull in M .
Denition 1.1. The convex core of M is
The manifold (M, g) is convex cocompact if and only if C(M ) is compact.
The convex core C(M ) is also the intersection of all convex subsets C ⊂ M whose interior
• C is homeomorphic to M . This terminology was introduced for hyperbolic manifolds, and then extended to negatively curved manifolds. For a pinched negatively curved manifold M = M /Γ, convex-cocompactness is known to be equivalent to any of the following properties :
1. there exists a convex compact subset K ⊂ M such that
2. there exists a convex compact subset K ⊂ M such that all closed geodesics of M are contained in K ;
3. there exists a convex domain C ⊂ M invariant by the action of Γ such that C/Γ is compact.
A hyperbolic manifolds is convex-cocompact if and only if it is geometrically nite without cusp.
We shall not use this fact since geometric niteness is hard to deal with for metrics with variable curvature. We assume from now on M to be convex cocompact. This implies that Γ is nitely generated and contains no parabolic element. In particular, by Margulis Lemma (see for instance [Mar07] , section 3.3 and references given there), a convex-cocompact manifold is either compact or has innite volume. We are of course mainly interested in innite volume convex-cocompact manifolds, since the compact case was already studied in [KKW91] .
Let S g M be the unit tangent bundle of (M, g), and S g x M its ber over a point x ∈ M . We will omit the metric g when no confusion shall arise. The geodesic ow on M is the map Φ : SM ×R → SM which maps any v ∈ S x M and t ∈ R to
where γ x,v is the geodesic starting from x with initial tangent vector v, andγ x , v(t) is its tangent vector at the point γ x,v (t). The orbit of a vector v ∈ S x M for the geodesic ow is {Φ t (v), t ∈ R}: it can be canonically identied to the geodesic γ x,v . Closed orbits of the ow are therefore in bijection with closed geodesics of M . For any closed geodesic γ, we write γ its length for the metric g. For any R > 0, we dene
We write Ω(g) =
R>0
P (R) = {γ closed geodesics for g} :
it is the set which concentrates most of the dynamical properties of Φ.
Denition 1.2. The topological entropy of the geodesic ow on (M, g) is given by the limit (which exists) :
This is equivalent to the original denition of the topological entropy if one considers Φ as a ow on the compact metric space Ω(g). See [Sul84] for more details.
We will simply call h top (g) the entropy of (M, g). The critical exponent of the fundamental group Γ of M is dened for any x ∈ M by
We have written d(., .) for the distance in M induced by the lift of g. Therefore, the critical exponent depends on both the metric on M and the fundamental group Γ, or equivalently, on the whole riemannian structure (M, g). It does not depend on the base point x.
Theorem 1.1 (Sullivan ; Otal-Peigné) . For any manifold with pinched negative curvature and nitely generated fundamental group (M, g) = M /Γ, the critical exponent is equal to the topological entropy :
Moreover, if M is convex-cocompact, these are also equal to the Hausdor dimension of the limit set Λ Γ for the Gromov metric on ∂ ∞ M .
This theorem is due to Sullivan in [Sul79] for hyperbolic manifolds. It is shown in [OP04] that the entropy is the critical exponent for any manifold with pinched negative curvature and nitely generated fundamental group. Let us remark that for a non convex-cocompact manifold, the denition of the entropy has to be adapted (see [OP04] ). In the case of convex-cocompact manifolds, an easier proof can be found in [Yue96] . Sullivan's work, extended by Yue for variable curvature, shows that for convex-cocompact manifolds, the critical exponent is also the Hausdor dimension of the limit set for the Gromov metrics on ∂ ∞ M . Denition 1.3. A vector v ∈ SM is non-wandering for the geodesic ow Φ if for any neighbourhood O of v in SM , there exists a sequence (t n ) ∈ R N with t n → ∞ when n → ∞ such that for any Therefore, the set Ω(Φ) is equal to the closure of all closed geodesics Ω(g) we dened previously; we shall use either of the notations. Together with the uniform hyperbolicity of the geodesic ow on manifolds with pinched negative curvature, this ensures that Ω(Φ) is a basic hyperbolic set for the geodesic ow (see [Bow74] for a denition).
Given any positive Borel measure µ on SM which is invariant under the geodesic ow, one can dene the metric entropy of µ, which we will denote by h µ (Φ). This is done for example in [KH95] , Section 4.3. The topological entropy is then characterized by the following variational principle :
Theorem 1.4 (Variational principle for the entropy). The topological entropy is given by
where µ runs over all probability measures invariant by Φ with support in Ω(Φ).
For a proof, see [KH95] , Chapter 4.
In the case of a convex-cocompact manifold with pinched negative curvature, this supremum is attained by a unique measure : Theorem 1.5 (Bowen-Margulis) . Let (M, g) be a convex-cocompact manifold with pinched negative curvature, and Φ its geodesic ow. There is a unique probability measure µ BM with support in Ω(Φ), invariant by Φ, whose entropy satises h top (g) = h µ BM (Φ). It is given by the weak limit (which exists)
where P (R) is the set of closed geodesics of length less than t. Moreover, Φ is ergodic with respect to µ BM .
It was shown in [Bow72] that the weak limit exists and gives a measure which maximizes the entropy. Its uniqueness was proved in [Bow74] . Both of these papers were written for Axiom A ows on compact manifolds. A crucial fact, which we shall use all over our paper, is that their results apply without any change for Axiom A ows on non-compact manifolds as long as we work on a compact basic hyperbolic set. The measure of maximal entropy was also built in a dierent way by G. Margulis in [Mar70] . Remark 1.1. Through the identication Ω(Φ) = ((Λ Γ × Λ Γ )\Diag)×R/Γ, the lift of Bowen-Margulis measure on S M can be written as a product of Patterson-Sullivan measures on the limit set together with the Lebesgue measure along each geodesic. For hyperbolic convex-cocompact manifolds, this is Theorem 3 of [Sul84] . It has been adapted to the case of pinched negative curvature in Theorem 6.3.1 of [Yue96] .
Eventually, the topological entropy can also be approached by the so-called volume entropy.
2
A variation formula for the entropy Let (M, g) be a convex-cocompact manifold with pinched negative curvature. Let > 0 and
is the norm of v for the metric g λ . We denote by S λ M the unit tangent bundle for the metric g λ , Φ λ the geodesic ow on it, and µ λ its Bowen-Margulis measure. Our purpose is to establish the following variational formula for the entropy :
Theorem 2.1. With the previous notations, the map λ → h top (g λ ) is C 1 , and its derivative is given by :
where S 0 M is the unit tangent bundle for (M, g 0 ) and µ 0 BM is its Bowen-Margulis measure.
This is a convex-cocompact analogue of Theorem 3 of [KKW91] , which we adapt by using older arguments from [BR75] , [Kat80] , [Kat82] et [Kat88] . Once again, we will use several arguments written for Axiom A ows on compact manifolds, which immediately adapt to Axiom A ows with a compact hyperbolic basic set (here, the non-wandering set).
Denition 2.1. Let g 0 , g 1 be two convex-cocompact metrics on M . The weight of g 1 for the Bowen-Margulis measure µ 0 is :
where ||v|| 1 is the norm of the vector v for the metric g 1 .
The key result which will allow us to adapt the proof of [KKW91] of the variation formula is the following : Proposition 2.2. Let g 0 and g λ be two convex-cocompact metrics on M . We have
This is a version of Theorem 2.1 of [Kat82] whose proof is adapted for our purpose.
Proof. By Theorem 1.5, we know µ 0 is ergodic for the geodesic ow Φ 0 . Therefore, we can use the following characterization of the metric entropy of an invariant measure. For any T > 0, let us dene the distance
where d 0 is the distance induced on S 0 M by the metric g 0 . For any T, > 0, and 0 < δ < 1, we write N Φ 0 (T, , δ) the minimal number of balls of S 0 M with radius for the metric d Φ T whose union covers a set of measure ≥ 1 − δ for µ 0 . Lemma 2.3 (Katok) . For any δ > 0, the metric entropy of µ is given by
Proof. This is exactly Proposition 1.6 of [Kat82] , which was stated for compact manifolds and relies mainly on Theorem 1.1 of [Kat80] . Since the support of µ is compact, stable by Φ, and since Φ is ergodic with respect to µ 0 , these two results are still true in our case: just copy the proof, considering Φ 0 as a ow on Ω(Φ).
For any T, > 0, we set
and
These two sets are of course compact. Since Φ 0 is ergodic with respect to µ 0 , for any > 0, by Birkho Ergodicity Theorem (see [KH95] p. 136-138) we have
Let us show that, for any > 0, lim
Let > 0 and Ξ be a partition of Ω(Φ 0 ) into measurable sets, with positive µ 0 -measures and diameter less than . Since Ω(Φ 0 ) is compact, we can assume Ξ to be nite. For any ξ ∈ Ξ, we write χ ξ its characteristic function. We denote by
By ergodicity of Φ 0 , for almost every v ∈ ξ, we have
For any δ > 0, there exists then T ,δ > 0 such that for any T > T ,δ , we get
Now, for any v ∈ C ,T,ξ , there exists t > 0, T < t < (1 + )T , such that Φ 0 t v ∈ ξ. Since the diameter of ξ is less than , we have
Therefore, by inequality (4), we get
Applying this process to all ξ ∈ Ξ, we get the limit (3). We want to approximate all orbits of elements of A ,T by closed geodesics. We will need for that the following classical lemma : Lemma 2.4 (Anosov Closing Lemma). Let g be a metric with negative sectional curvature on M , d the distance it induces on the unit tangent bundle SM and Φ its geodesic ow. For any > 0, there exists δ > 0 and T > 0 such that for any t > T and v ∈ SM , if
then there exists a closed geodesic γ v = {Φ s } t s=0 with period t , with |t − t | < , such that for any s ∈ [0, t], we get
This was rst proved by Anosov for closed manifolds. The geodesic ow on a convex-cocompact manifold is a special case of an Axiom A ow with the non-wandering set as a compact basic hyperbolic set. Therefore, our lemma is a direct application of Lemma 2.4 of [Bow72] . A complete proof of the Anosov Closing Lemma for convex-cocompact manifolds can also be found in the PhD thesis [Mau02] , Appendix A.
We carry on with the proof of Proposition 2.2. Let us x > 0. By the limits (2) and (3), there exists T > 0 such that for any T > T , we get
where δ is associated to by Anosov Closing Lemma. Let T > T , we set A = A ,T ∩ B δ ,T , and let Λ ,T be a maximal 3 -separated set for the distance d Φ T on A. The balls (for the distance d Φ T ) with radius 3 centered in the points of Λ ,T cover A (otherwise, Λ ,T would not be maximal). We have therefore, by (5),
.
Now, by the Anosov Closing Lemma, for any v ∈ Λ ,T , there exists a closed geodesic γ v , containing a vector
Therefore, if the geodesics γ v 1 and γ v 2 are the same, the points w(v 1 ) and w(v 2 ) are at distance at least . Now, on a single geodesic γ, there are at most (γ) points at distance . Moreover, by denition of the set A, the length of geodesics γ v we have constructed satises
Let v ∈ Λ ,T and γ v be the closed geodesic for the metric g 0 , with length t , constructed as above. There exists a unique geodesic γ λ v for the metric g λ in the same free homotopy class as γ v . The length of γ λ v for the metric g λ is
where K is a constant independant of T and . Indeed, v ∈ A ,T , we have d Φ T (v, w(v)) ≤ , the map v → ||v|| λ is uniformly continuous on Ω(Φ), and the Corollary A.1 of the PhD thesis [Mau02] tells us that δ is uniformly bounded because the sectional curvature of our manifold is negatively pinched. Therefore, γ
is the set of closed geodesics for the metric g λ with length less than T.(µ 0 (g λ ) + K). By the lower bound (6), this implies for any T > T
T ,
Since T → ∞ when T → ∞, taking the limit gives
this for any > 0. By taking the limit when → 0, this concludes the proof of our Proposition 2.2.
From this proposition, the end of the proof of the variation formula for the entropy is very similar to the proof given in [KKW91] :
Proof of Theorem 2.1. Let S λ M be the unit tangent bundle of (M, g λ ), ||.|| λ the norm associated to g λ and µ λ the Bowen-Margulis for the geodesic ow on S λ M . By Proposition 2.2, for any λ ∈ [− , ], we have
Linearising ||v|| λ in a neighbourhood of 0, we have
The previous inequality now becomes
Lemma 2.5 (Weak continuity of Bowen-Margulis measures). For any continuous function f :
Proof. Since the variation of the metric is C 2 , the variation of the geodesic ow is C 1 . Moreover, we have seen that Ω(Φ) is a basic hyperbolic set for Φ. Therefore, this weak continuity is given by Proposition 5.4 of [BR75] .
By this weak continuity, we can take the limit λ → 0 in the inequality (7) which gives
Now, if λ → g λ is C 2 , continuity of the derivative of the entropy comes directly from this formula and Lemma 2.5.
Remark 2.1. In the case of compact surfaces with negative curvature, A. Manning has used in [Man04] the variation formula established by Katok et al. to show that the entropy decreases along the normalized Ricci ow. This was partially extended to higher dimensions in a recent preprint by D. Thompson. In a joint work with P. Suarez-Serrato (Max-Planck, Bonn), we construct a geometric ow on convex-cocompact manifolds and we show the entropy decreases along this ow, using the above variation formula (in preparation).
3 Hyperbolic convex-cocompact 3 manifolds
As we saw previously, the topological entropy of a convex-cocompact hyperbolic 3-manifold M = H 3 /Γ is the Hausdor dimension of its limit set, computed in the ball model of H 3 using the canonical metric on the unit sphere. When M has innite volume, Mostow Rigidity Theorem does not hold and there is a natural deformation space of M through other hyperbolic metrics. This space admits structure of analytic manifold. It has been shown in [Rue82] that if there exists a nite-states Markov partition for Γ, then for an analytic deformation of H 3 /Γ, the Hausdor dimension of the limit set is analytic. This has been applied in [AR97] to all convex-cocompact manifolds obtained from Maskit combinations of quasi-fuchsian groups and cyclic loxodromic groups. Nevertheless, it is not known wether a general convex-cocompact hyperbolic 3-manifold admits a nite-state Markov partition. We adapt here Theorem 1 to show that for any analytic hyperbolic deformation of H 3 /Γ, the entropy is also C 1 .
The fundamental group Γ of M can be seen as a nitely generated discrete subgroup of P SL 2 (C) with no parabolic element. Let k be the number of generators of Γ and HOM(Γ, P SL 2 (C)) be the set of representation of Γ into P SL 2 (C), which we can see as a subspace of P SL 2 (C) k . We set
where two representation are equivalent when they are conjugated in P SL 2 (C).
Denition 3.1. We call the subset D C (Γ) ⊂ AH(Γ) of all faithful discrete representations whose image is convex-cocompact and which are linked to the trivial representation by a continuous path in AH(Γ) the deformation space of M .
A quasiconformal deformation of Γ is an isomorphism ρ ∈ HOM(Γ, P SL 2 (C)) such that there exists a quasiconformal homeomorphism F : S 2 → S 2 on the sphere at innity of H 3 with
for any z ∈ S 2 . We denote by QC(Γ) the space of quasiconformal deformations quotiented by the equivalence relation which identies two conjugated representations. We can also see QC(Γ) as (quotient of) a set of quasiconformal maps. Let Ω Γ ⊂ S 2 be the discontinuity set of Γ and S 1 ... S p = Ω Γ /Γ be the boundary at innity of M , which is a nite union of closed Riemann surfaces by Ahlfors Finiteness Theorem.
Theorem 3.1. The space of quasiconformal deformations QC(Γ) of Γ is a complex analytic manifold, naturally isomorphic to a quotient of the Teichmüller space
of the boundary at innity by a discrete group of holomorphic maps. Moreover, QC(Γ) is homeomorphic to D C (Γ).
This theorem is the result of the work of a large number of mathematicians in the early seventies. The reader is referred to [Mar07] , p243, and references given there. We get therefore a natural analytic structure on the deformation space, given by quasiconformal deformations. To apply our variation formula for the entropy to this situation, we need to link the deformation of Γ with a family of metrics on a xed manifold. This is done by the following : Theorem 3.2. Let (M, g) = H 3 /Γ be a hyperbolic 3-manifold and (ρ λ ) λ∈L be an analytic deformation of Γ in D C (Γ). Then there exists an analytic family of metrics g λ on M such that for any λ ∈ L and any representative of ρ λ ∈ HOM(Γ, P SL 2 (C)), the manifold (M, g λ ) is isometric to
Here is the general idea of this theorem : the ρ λ gives us a family of hyperbolic 3-manifolds, which are dieomorphic to each other but are not in general isometric. Now, we want to show that these manifolds can be obtained via an analytic family of (hyperbolic) metrics on the xed manifold M .
Let (ρ λ ) λ∈L be an analytic deformation of Γ : results of [Kra72] imply that there is a family f λ : S 2 → S 2 of quasiconformal mappings such that for any γ ∈ Γ,
and for any θ ∈ S 2 , the map λ → f λ (θ) is analytic. It would be enough for our purpose to have a family of hyperbolic structures such that the λ → f λ (θ) are C 2 ; however this seems to have no natural geometric meaning. Theorem 3.2 will be a direct consequence of the following result : Theorem 3.3 (Analytic extension of quasiconformal mappings). With the previous notations, there is a family of C ∞ dieomorphisms F λ : H 3 → H 3 which extends continuously to f λ on ∂S 2 , such that for any λ,
Moreover, for any x ∈ H 3 , the map λ → d x F λ is analytic.
A. Douady and C. Earle have shown the same result for quasiconformal deformations of the circle extended to the hyperbolic plane (see Theorem 4 of [DE86] ). We give here for completeness an adapted proof for H 3 .
Proof. Let (f λ ) λ∈L be an analytic family of quasiconformal homeomorphisms of the sphere. We will dene the (F λ : H 3 → H 3 ) λ∈L through a barycenter extension, which was introduced by A. Douady and C. Earle in [DE86] and then extensively used by G. Besson, G. Courtois and S. Gallot (see [BCG95] ).
Let 0 be a base point of H 3 , which we assume to be in (0, 0, 0) ∈ R 3 in the Poincaré ball model.
Recall the Busemann function (based in 0) is β :
where |.| is the riemannian distance in the ball model. The reader is referred to [DE86] for more details on the Busemann function. If µ is a positive measure on S 2 , the barycenter of µ is dened as
It is shown in [BCG95] that the Busemann function β(., θ) is strictly convex and goes to innity as x approaches S 2 = ∂ ∞ H 3 , which implies that the barycenter is a well dened point as long as µ has no atom.
Let dθ be the canonical riemannian measure on S 2 . For any x ∈ H 3 , the visual measure in x is given by the density :
The following denition is due to Douady and Earle :
Denition 3.2. For any quasiconformal homeomorphism f : S 2 → S 2 , its barycenter extension is dened by
It is shown in [DE86] that F is C ∞ on H 3 and extends continuously to f in ∂ ∞ H 3 = S 2 . For any λ ∈ L, we write F λ the barycenter extension of f λ . Let (e 1 (y), e 2 (y), e 3 (y)) be an analytic eld of basis of T y H 3 ; we can take the canonical basis of T y R 3 . For any (x, y, λ) ∈ H 3 × H 3 × L and any i = 1, ..., 3, we set G i (x, y, λ) = S 2 ∂β ∂y (y, f λ (θ))(e i (y))e 2β(x,θ) dθ and G(x, y, λ) = (G 1 (x, y, λ), ..., G 3 (x, y, λ)) .
One immediately checks that F λ is dened by G(x, F λ (x), λ) = 0. Since the Busemann function is smooth and strictly convex, ∂G ∂y is invertible which ensures F λ is well dened by the Implicit Function Theorem. Moreover, the map λ → G(., ., λ) is analytic. Therefore, by the parameter version of the Implicit Function Theorem, for any x ∈ H 3 , the map λ → F λ (x) is analytic. The dierential of F λ is given by
which implies that λ → d x F λ is analytic. The equivariance of the F λ comes directly from the analogous property of the f λ ; see Section 6 of [DE86] for a proof. Therefore, for any λ, F λ induces a smooth dieomorphism
Proof of Theorem 3.2. Let (M, g) = H 3 /Γ be a hyperbolic 3-manifold and (ρ λ ) λ∈L be an analytic deformation of Γ in D F (Γ). Let (f λ ) λ∈L be the associated family of quasiconformal homeomorphism, and (F λ ) its extension to H 3 given by the previous theorem. On M , for any λ ∈ U and any X, Y ∈ T x H 3 , we set
All g λ are still hyperbolic metrics on H 3 , and by the equivariance property, F λ is an isometry between H 3 /ρ λ (Γ) and (M, g λ ). For any X, Y ∈ T x M , the map λ → g λ (X, Y ) is now analytic since λ → d x F λ is, which ends the proof of Theorem 3.2.
This result and Theorem 2.1 imply immediately :
Corollary 3.4. Let (M, g) = H 3 /Γ be a hyperbolic 3-manifold and (ρ λ ) λ∈(− , ) be an analytic deformation of Γ in D F (Γ). Then the map λ → Hausdim(Λ ρ λ (Γ) ) is C 1 .
Theorem 2.1 gives us the expression of the derivative of the entropy. In the case of a path of hyperbolic structures, it can be expressed in terms of the family of quasiconformal deformations through formula (8) and the Patterson-Sullivan measure on the limit set. However, this gives a hardly usable result.
